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Given a quantum gate implementing a d-dimensional unitary operation Ud, without any specific
description but d, and permitted to use k times, we present a universal probabilistic heralded quantum
circuit that implements the exact inverse U−1d , whose failure probability decays, exponentially in k. The
protocol employs an adaptive strategy, proven necessary for the exponential performance. It requires
k ≥ d − 1, proven necessary for exact implementation of U−1d with quantum circuits. Moreover,
even when quantum circuits with indefinite causal order are allowed, k ≥ d− 1 uses are required.
We then present a finite set of linear and positive semidefinite constraints characterizing universal
unitary inversion protocols and formulate a convex optimization problem whose solution is the
maximum success probability for given k and d. The optimal values are computed using semidefinite
programming solvers for k ≤ 3 when d = 2 and k ≤ 2 for d = 3. With this numerical approach we
show for the first time that indefinite causal order circuits provide an advantage over causally ordered
ones in a task involving multiple uses of the same unitary operation.
Reversible operations in quantum mechanics are given
by unitary operations [1, 2]. Consider the following
problem: a quantum physicist receives a physical appar-
atus that is guaranteed to perform some qudit unitary
operation Ud, e.g., a quantum oracle [3, 4]. Apart from
its dimension denoted by d, no additional information
about this unitary is provided. Is it possible to imple-
ment the action of the inverse operation U−1d without
initially knowing the matrix description of Ud? A simple
strategy to solve this problem is to perform process tomo-
graphy [5], obtain a matrix representation of Ud, find the
inverse matrix that represents U−1d , and then decompose
the inverse matrix in terms of elementary quantum gates.
This tomographic approach may be very inefficient when
compared to other protocols and can never be made ex-
act for a finite number of uses of Ud. Is there a universal
way for obtaining the inverse U−1d with finite uses of
Ud without any errors? We answer these questions by
explicitly constructing a quantum circuit, see Fig. 1.
Non-universal protocols to obtain the inverse of
known quantum operations have been analyzed previ-
ously, [6] but since these previous methods depend on
the particular operation to be inverted, they cannot be
applied to the universal/unknown case considered in
this Letter. Universal protocols are considered in Ref. [7],
where the authors calculate the best expected fidelity of
obtaining the inverse operation U−1d with a single use of
a general Ud in a non-exact deterministic scheme. Mo-
tivated by refocusing quantum systems in NMR, Ref. [8]
presents a probabilistic approximated method to invert
unitary operations on closed systems. While analyzing
the “unitary learning problem” [9–12], Ref. [13] finds a
probabilistic exact protocol to transform k uses of a gen-
eral qubit unitary U2 into its inverse U−12 in a “store
and retrieve” framework. Motivated by controling time-
dynamics of quantum system, Ref. [14, 15] presents pro-
Figure 1. A general quantum circuit that transforms multiple
uses of a general d-dimensional unitary Ud into its inverse
U−1d with the heralded success probability of p. The circuit
elements between Ud’s indicate that the circuit represents an
adaptive strategy. For our adaptive protocol (Theorem 1), p =
1−
(
1− 1d2
)b k+1d c for k uses of Ud.
tocols for universal unitary inversion in a with a limited
control over the target system. As such universal unitary
inversion protocols can be used to cancel an undesired
quantum unitary evolution. Additionally, there are ap-
plications for quantum communication without shared
reference frames, see Ref. [16] and Sec. IV of Ref. [12].
In this Letter, we focus on exact protocols, i.e., with
unit fidelity, that may fail with some constant probability,
but when successful, they signal their success (see Fig. 1).
We present a quantum circuit whose failure probabil-
ity decays exponentially in k. The circuit represents an
adaptive strategy, proven necessary for the exponential
performance. It requires k ≥ d− 1, also proven necessary
for exact implementations of U−1d with quantum circuits.
Moreover, even when quantum circuits with indefinite
causal order are allowed, k ≥ d − 1 uses are required.
We then present a finite set of linear and positive semi-
definite constraints to formulate the problem of finding
the optimal quantum circuit in terms of semidefinite pro-
gramming (SDP). With this SDP approach we show that
some quantum circuits with indefinite causal order have
an advantage over all conventionally ordered circuits.
For qubit unitary operations: – We start our analysis
from qubit unitary operations. Quantum unitary opera-
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2tions can be mathematically represented by linear unitary
operators, that is, under a unitary operation, a quantum
state ρ evolves as UρU†, where U is a linear operator and
U† its adjoint. In this letter the symbol U may refer to a
physical unitary operation or a mathematical linear oper-
ator. Its distinction should be clear from the context. The
inverse of a general unitary operator Ud is given by its
adjoint operator, i.e., U−1d = U
†
d . The adjoint of a unitary
operator U2 can also be obtained by conjugate transpos-
ing the operator with respect to the computational basis
i.e., U†2 =
(
UT2
)∗ where T and ∗ stands for the transposi-
tion and complex conjugation in the computational basis
respectively. Our quantum circuit consists in two main
parts, one complex conjugating U2 to U∗2 and the other
transposing to UT2 . Our goal is to implement U
−1
2 on
an input-qubit in an arbitrary (possibly unknown) state
|ψin〉, i.e., to produce a qubit in state U−12 |ψin〉. See Fig. 2
for a pictorial representation.
To achieve the complex conjugation, we first notice that
for any dimension d and any real number φ, the unitary
operators Ud and eiφUd represent the same physical oper-
ation. Without loss of generality, we can assume that the
unitary operator Ud representing a reversible physical op-
erations belongs to SU(d), the group of unitary matrices
with determinant one. Then it is enough to perform the
Pauli Y operation before and after U2, since YU2Y = U∗2
for all U2 ∈ SU(2). Hence, the qubit unitary complex
conjugation is deterministic and exact [7, 17]. The unit-
ary transposition protocol first prepares the maximally
entangled state |φ+2 〉 := 1√2 (|00〉+ |11〉). We apply U2 on
the first qubit of |φ+2 〉 to obtain U2⊗ I|φ+2 〉, which is math-
ematically equivalent to I ⊗UT2 |φ+2 〉. We then exploit the
gate teleportation scheme [18, 19], a protocol that “tele-
ports” the action of some unitary operation, which in
our case would be UT2 on I⊗UT2 |φ2+〉, to the input-qubit.
This requires a Bell measurementM on the first qubit of
U2 ⊗ I|φ2+〉 and the input-qubit. M consists in project-
ing the system onto the basis {(XiZj)† ⊗ |φ+2 〉}, where
X and Z are Pauli operators and i, j ∈ {0, 1} are the out-
comes of the measurement. Direct calculations show that
with probability 1/4, the state |ψin〉 is transformed to
UT2 X
iZj|ψin〉, which is equal to UT2 |ψin〉 when i = j = 0.
By concatenating the complex conjugation and the trans-
position protocols, we obtain a circuit that transforms a
single use of an arbitrary U2 into (U∗2 ) TXiZj = U
−1
2 X
iZj,
which is equal to U−12 with probability 1/4.
We now consider protocols that make k uses of U2 to
obtain U−12 based on the single-use one described above.
First note that when this single-use protocol fails, i.e., j 6=
0 or i 6= 0, the protocol ends in the state U−12 XiZj|ψin〉.
The initial input-state is “lost” as it is. In order to recover
|ψin〉, we make another use of U2 to apply the operation
Z−jX−iU2 on the output-state U−12 X
iZj|ψin〉. After this
extra use of U2, we have |ψin〉 and can then re-start the
Figure 2. A quantum circuit to transform a qubit unitary oper-
ation U2 into its inverse U−12 . First, we prepare the two-qubit
maximally entangled state |φ+2 〉 and apply on the upper qubit
the gate sequence YU2Y, where Y is the Pauli Y operator, which
is equivalent to applying U∗2 , the complex conjugate of U2. We
then perform a Bell measurement M on the upper qubit of
U∗2 ⊗ I|φ+2 〉 and on the input-state |ψin〉. After the measure-
ment, |ψin〉 is transformed into the U−12 Xi2Z
j
2|ψin〉 with probab-
ility 1/4. When i 6= 0 or j 6= 0, we make an extra use of U2 to
recover |ψin〉 and repeat the protocol.
single-use protocol. Direct calculation shows that the
probability of failing this protocol is pF = 34
b k+12 c, where
bxc denotes the largest integer not greater than x.
For general unitary operations: – Our universal unitary
inversion for d > 2 also combines the universal transposi-
tion and complex conjugation, extending the correspond-
ing subroutines for qubit unitary operations to general
Ud (Fig. 3 represents a single round). The transposition
is obtained by replacing |φ+2 〉 with the qudit maximally
entangled state |φ+d 〉 := 1√d ∑
d−1
i=0 |ii〉. Later, we apply
the operation Ud on the first qudit of |φ+d 〉 to obtain
Ud ⊗ I|φ+d 〉. The Bell measurement is to generalized to a
projective measurement in the basis {(XidZ
j
d)
† ⊗ I|φ+d 〉},
where Xid := ∑
d−1
l=0 |l ⊕ i〉〈l| and Z
j
d := ∑
d−1
l=0 ω
jl |l〉〈l| are
the shift and clock operators, respectively, ω := e
2pi
√−1
d ,
l ⊕ i denotes l + i modulo d, and i, j are integers ranging
from 0 to d− 1. Straightforward calculation shows that
with probability 1/d2, the second qudit of Ud ⊗ I|φ+d 〉 is
transformed into UTd X
i
dZ
j
d|ψin〉.
For complex conjugation, the analogy with qubit case
is not as straightforward. Reference [17] presents
a deterministic quantum circuit for universal unitary
complex conjugation using d − 1 of Ud. Let VA :
Cd → (Cd)⊗d−1 be the isometry mapping qudits into
its (d − 1) anti-symmetric qudit subspace, i.e., VA :=
∑~k
e~k√
(d−1)! |k2, . . . , kd〉〈k1|, where ~k ∈ {0, . . . , d − 1}
d−1
and e~k is the antisymmetric tensor of rank d.
It is shown in Theorem 2 of Ref. [17]) that, for any
Ud ∈ SU(d) one has V†AU⊗
d−1
d VA = U
∗
d , hence, determ-
inistic unitary conjugation can be obtained simply by
3Figure 3. A quantum circuit that transforms k = d− 1 uses of
a general unitary Ud into its inverse. It requires a two-qudit
maximally entangled state |φ+d 〉 and a generalized Bell measure-
mentM. The unitary complex conjugation exploits the relation
VAU⊗d−1d V
†
A = U
∗
d , where VA is defined in the main text.
performing VA before using U
⊗(d−1)
d and performing V
†
A
afterwords. We may summarize the foregoing analysis
as follows.
Theorem 1. Given k uses of a unitary operation Ud, its in-
verse operation can be implemented by a universal circuit with
the success probability pS = 1−
(
1− 1d2
)b k+1d c.
On the exponential scaling of success probability: – The
unitary inversion protocol introduces the measurements
M. Depending on the outcomes of the measurements,
each “round” either ends in the success (i = j = 0) or
enters the re-starting sequence (i 6= 0 or j 6= 0). For
eachM introduced, only d− 1 uses of Ud are applied.
Hence, to increase the success probability at the exponen-
tial scaling, i.e., implying larger k, the number of rounds
increases approximately linearly in k. Circuits with par-
allelized uses of Ud, or “parallelized circuits”, for short,
utilize the k uses of operations Ud without any circuit
elements introduced in between, or equivalently, call for
a single use of U⊗kd (see Fig. 4 for a pictorial illustration).
Parallelized circuits differ from general adaptive ones
in terms of length and may decrease the time required
to complete the full circuit in practical implementations.
Nevertheless, the higher concurrency of parallelized cir-
cuits is achieved at the expense of the loss of the expo-
nential performance of the adaptive circuits.
Theorem 2. Any universal probabilistic heralded parallel-
ized quantum circuit transforming k uses of a d-dimensional
unitary operation Ud into its inverse U−1d with a constant
success probability pS independent of Ud must respect pS ≤
1− d+1k+d2−1 .
The proof begins by assuming that a universal unit-
ary inversion protocol with the success probability pS is
achieved by a parallelized circuit. If we run the complex
conjugation protocol using U−1d , then this functions as
a unitary transposition protocol, since
(
U−1d
)∗
= UTd .
Moreover, the new protocol remains a parallelized cir-
cuit as the complex conjugation protocol is parallelized.
Figure 4. Pictorial representation of a parallelized circuit where
all the uses of the unitary operations are made simultaneously.
The success probability q of the transposition protocol is
given by q =
(
pS
)d−1. In Ref. [20], we prove that, within
the parallelized circuits, the maximum success probab-
ility qopt for unitary transposition with k uses of Ud is
qopt = 1− d2−1k+d2−1 , which by definition satisfies q ≤ qopt.
This shows that pS ≤ 1− d+1k+d2−1 .
On the k ≥ d− 1 uses: – Our quantum circuit for uni-
versal unitary inversion requires at least d− 1 uses of the
unitary Ud to run the first round. Less than d− 1, the pro-
tocol cannot start, hence the success probability is zero.
This is actually required by any protocol transforming a
general unitary into its inverse by an arbitrarily small but
nonzero success probability, showing there is no room
for improvement of Theorem 1 in the number of uses.
Moreover, this fundamental constraint on the number of
uses holds even if one considers circuits that make use of
the unitaries Ud in an indefinite causal order [21–23].
Theorem 3. Any universal probabilistic heralded quantum
circuit (including protocols without definite causal order)
transforming k < d − 1 uses of a d-dimension unitary op-
eration Ud into its inverse U−1d with a success probability pS
that does not depend on Ud necessarily has pS = 0, i.e., null
success probability.
The proof begins by assuming that there exists a unit-
ary inversion protocol using less than d − 1 instances
of Ud with a nonzero success probability. We combine
this inversion protocol with the probabilistic unitary
transposition protocol based on gate teleportation. This
achieves a heralded probabilistic (and exact) protocol
of universal unitary conjugation, since
(
U−1d
)T = U∗d ,
using less than d− 1 uses of Ud. However, we show in
Ref. [20] that any a heralded probabilistic and exact pro-
tocol of universal unitary conjugation requires at least
d − 1. Thus, the unitary inversion protocol using less
than d− 1 instances of Ud leads to a contradiction, hence
forbidden.
Numerical approach: – Our discussion above has been
analytical and constructive, thus leading to an analytical
expression of the success probability for given k and d.
On the other hand, it is not a straightforward task to
obtain improved circuits with a higher success probab-
ility. To find the optimal success probability, we must
4first identify the set of circuits which inverts any Ud in
an exact and heralded probabilistic manner.
We now present a finite set of linear and positive semi-
definite constraints characterizing the desired set. Ref-
erence [24] (see also Ref. [25]) provides a finite set of
linear constraints which are necessary and sufficient con-
ditions for a positive matrix C to represent a determin-
istic quantum circuit. More specifically, C corresponds
to a quantum comb, an incomplete circuit where some
gate elements of the circuit are unspecified, thus un-
executable per se. It becomes executable by providing
the missing elements as “inputs”, which in our case
would be Ud’s. A heralded probabilistic comb S is rep-
resented by a positive matrix satisfying S ≤ C. Let
C(Ud) := d(Id ⊗Ud)|φ+d 〉〈φ+d |(Id ⊗U†d ) be the Choi op-
erator [26, 27] of Ud, and A ∗ B be the link product
between two operators A and B [24]. If S inverts k
uses of Ud with probability p, then this is equivalent to
S ∗ C (Ud) ⊗k = p C
(
(Ud) −1
)
. For S to be a universal in-
version, then this equation must hold for all Ud ∈ SU(d).
We reduce the number of constraints to finite by ob-
serving that Lspan := span
{
C (Ud) ⊗k
∣∣Ud ∈ SU(d)} is
a finite linear space. Thus, there exists a finite subset{
U(i)d
}
i of SU(d) such that
{
C
(
U(i)d
) ⊗k}
i
form a basis
of Lspan. Such U
(i)
d can be found by sampling for a suffi-
ciently large (but finite) number of unitaries U(i)d over the
Haar measure, and succeeds, in practice, with the unit
probability. Now, the maximum success probability pS is
the solution of
max pS
s.t. S ∗ C
(
U(i)d
) ⊗k
= pS C
((
U(i)d
) −1) ∀i;
S ≥ 0, C ≥ S, C : quantum comb,
(1)
thus is an instance of semidefinite programming (SDP)
with pS, S, and C as the SDP variables. In Ref. [20] we
discuss this SDP approach in details.
In Ref. [21], the authors propose a quantum circuit
model where the operations may not respect a defin-
ite causal order. The program represented in Eq. (1) is
flexible enough to consider such indefinite causal order
circuits. The operator C must respect a set of linear con-
straints of a process matrix. Such constraints can be
found in Ref. [22, 28, 29], which we discuss in detail in
Ref. [20].
We have implemented the semidefinite program de-
scribed in Eq. (1) with the MATLAB package cvx [30]
with several SDP solvers [31–33] and summarize relevant
results in Table I. From Table I we see that when d = 2
and k = 2 or k = 3 indefinite causal order quantum
circuits strictly outperform any standard ordered one.
Previously, indefinite causal order circuits have proven
to be useful for tasks whose input quantum operations
are not unitary [21, 22, 34] or consist of distinct unitary
d = 2 Parallelized Adaptive Indefinite causal order
k = 1 14 = 0.25
1
4 = 0.25
1
4 = 0.25
k = 2 25 = 0.4 0.4286 ≈ 37 0.4444 ≈ 49
k = 3 12 = 0.5 0.7500 ≈ 34 0.9416
d = 3 Parallelized Adaptive Indefinite causal order
k = 1 0 0 0
k = 2 19 ≈ 0.1111 0.1111 ≈ 19 0.1111 ≈ 19
Table I. Maximum success probabilities for universally invert-
ing k uses of Ud, by parallelized quantum comb (Parallelized),
general quantum comb (Adaptive), and circuits with indefin-
ite causal orders (Indefinite causal order). Values in blue are
analytical and in black via numerical SDP optimization.
operations [23, 35]. Our example is the first to show that
indefinite causal order circuits are useful even when the
input quantum operations are restricted to multiple uses
of the same unitary operation.
We emphasize that the SDP solvers also return a nu-
merical description of S, hence when consider ordered
circuits (quantum combs) one can obtain a gate sequence
to realize the corresponding optimal inversion by follow-
ing the steps of Ref. [24].
Conclusions: – We have presented a probabilistic her-
alded universal quantum circuit that makes k uses of
an arbitrary (possibly unknown) d-dimensional unitary
quantum operation Ud to exactly implement its inverse
U−1d . The probability of failure of our main protocol
decreases exponentially in k. We then proved that that
the probability of failure of any parallel circuit decays
at most linearly in k. We have also shown any circuit
(including the ones with indefinite causal order) requires
at least k ≥ d− 1 uses of the unitary Ud, ensuring that
our protocol makes the minimal number of uses to have
a nonzero success probability. We also provided an
SDP characterization of heralded probabilistic quantum
combs that achieve exact and universal unitary inver-
sion. This SDP approach allowed us to find quantum
circuits that attain the maximum success probability in
parallel, adaptive, and indefinite causal order circuits for
k ≤ 3 when d = 2 and k ≤ 2 for d = 3. We find that
there are circuits with indefinite causal order that have
a greater success probability than any causally ordered
ones. We have then provided the first task where indef-
inite causal order circuits are proved to overcome any
causally ordered ones even when the input quantum
operations are restricted to multiple uses of the same
unitary operation.
From a practical perspective, our protocols rely on re-
petitions of fixed a sub-circuit (e.g., Fig. 2) which does not
require adjustments when a higher success probability
is required, or when different unitary input-operations
are considered. We hope that our constructions pave the
way for novel applications and experimental realisations.
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